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Abstract
We present boundary surface construction and interactive feedback force generation for a neurosurgical sim-

ulation system. In the system, voxel data of a head created with a series of CT or MR images are used as a
volume model. The Octree and volumetric implicit function are utilized to manage the voxel data, and to represent
piecewise continuous volume. By sub-sampling the continuous volume, the detailed sub-voxel representation can
be obtained. To provide interactive tactile sensation, a sophisticated smooth surface construction method apply-
ing Marching Cubes is proposed. Segmentation of voxel data is also performed by finding level surfaces on the
volumetric function. Experimental results reveal the effectiveness of the proposed method.

Categories and Subject Descriptors(according to ACM CCS): I.3.7 [Computer Graphics]: Virtual reality

1. Introduction

Since surgery is a human activity that employs the use of
visual and manual investigations, surgical simulation sys-
tems must integrate both haptic (manual) and visual infor-
mation that provides temporal and spatial coherence with
data manipulation. Recently, in surgical simulation systems
[QS01,SY01,KTT00,GH91], volume rendering in place of
surface rendering is applied to generate realistic visualiza-
tion of 3D volumetric data.

The inside structural properties of an object can be seen
by making other parts transparent. Haptic display devices
are developed to present a touch sensation to a virtual ob-
ject. Combining the volume rendering and haptic display
devices, several surgical simulation systems are proposed
[GH91,HQ04,SN04,SN05]. We have also been developing
a neurosurgical simulation system [SN04, SN05] with both
volume visualization and haptic presentation. Volume visu-
alization of human organ utilizes a series of CT or MR im-
ages as voxel data. Voxel representation has such advantages
that any 3D shape of objects can be modeled, and that defor-
mation can be handled by modifying values of some voxels.
However, there are some problems in voxel representation.
The first problem is that the boundary of the object is not

smooth but jaggy; object does not have smooth surface rep-
resentation. The second is voxel data are not segmented into
organs. Segmentation must be performed by human or com-
puter to classify the voxel data into organs. The third, some
haptic device such as “PHANToM” requires smooth surface
of the object to calculate tactile sensation.

Historically, segmentation of image and surface recon-
struction are researched as general techniques [RK82,
Gal00]. We apply these techniques to resolve the problems
in voxel representation. In our simulation system, a com-
bined method of the Octree [Sam90] and volumetric implicit
function is introduced to manage an object of voxel data.
This method provides functions of efficient spatial searches,
smooth surface construction, comprehensive boundary sur-
face generation, and detailed volume rendering.

In the followings, we describe these functions. Configura-
tion of the system is presented in Section 2. In Section 3, rep-
resentation using the Octree and volumetric implicit function
is described. In Section 4, we provide several algorithms to
generate boundary surfaces, interactive smooth surface, and
realistic tactile sensation. In Section 5, experimental results
and some discussions are described.
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2. Neurosurgical Simulation System

A head model constructed with CT or MR images is rep-
resented as voxel data. A surgical simulation proceeds by
modifying the voxel data interactively with tactile sen-
sation. The voxel representation is useful for presenting
the irregularly deformed shape. Our neurosurgical simu-
lation system employs the volume rendering board “Vol-
umePro1000(VP1000)” [Ter01] to visualize the voxel head
model in detail, and haptic device “PHANToM” [Sen00]to
generate tactile sensation. The Octree is used to manage the
whole voxels and to perform spatial searches such as near-
est neighbor and range searches efficiently. Figure 1 shows a
configuration of our system.
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Figure 1: System configuration

VP1000 provides volume rendering. Casting rays and re-
sampling data along the ray, the inside structure of a head is
visualized in detail by using the translucent representation.
However, the voxels with density values are defined as cubes
at discrete locations. There is no explicit boundary surface
on a set of voxels representing an organ. The classification
of organs existing inside a head is a complicated and difficult
task. Additionally, the rendered image becomes rough when
zooming in the voxel model.

PHANToM presents interactive tactile sensation as a feed-
back force. The feedback force is calculated using a sur-
face contact point, where an instrument touches the head,
and a surface normal vector at the contact point. In calcu-
lating the feedback force, PHANToM assumes a continuous
smooth surface model. Therefore, the tactile sensation can-
not be generated on the voxel model without smooth sur-
faces.

To solve these drawbacks of voxel model, we introduce
a tri-cubic parametric function，called Volumetric Implicit
Function, in short VIF, to represent voxel data as piecewise
continuous solid. Using VIF, a smooth continuous surface
is prepared to calculate a feedback force, and circumstan-
tial voxel data are generated to obtain a smoother render-
ing image. When the voxel model is zoomed in, more de-

tailed voxel data are reconstructed by re-sampling VIF and
rendered. Moreover, approximating the whole voxel data by
VIF, voxel values are defined on continuous functions and
a classification of organs can be performed by finding level
surfaces. The boundary surface is generated locally by ex-
tracting a level surface of VIF using the simplified algo-
rithm of Marching Cubes [LC87]. Constructing the smooth
boundary surface, the smooth and continuous normal vector
is computed. As a result, the smooth and continuous reaction
force can be obtained from voxel data.

We provide a function that generates polygon surfaces to
render a head model as a surface model. Polygon surfaces
are generated by applying the Marching Cubes algorithm to
VIF. To understand a shape of an organ, only a certain or-
gan can be extracted using VIF and viewed by rendering the
boundary polygon of the organ. When a surgeon wants to see
the shape of organ, the surface model created by Marching
Cubes algorithm is displayed. On the other hand, the inside
of an organ is visualized by VP1000 when a surgeon wants
to see inside an organ.

Simulation of a surgical incision is performed by making
the voxels underlying the instrument to be transparent and
updating the modified part.

3. Octree and Volumetric Implicit Function
Representation

Transferring voxel data representing a head model to
VP1000, volume rendered image is displayed. The voxel
representation is useful for the simulation, but there are some
problems in voxel representation. These problems are caused
by the roughness and jaggedness of the boundary of voxel
model. The first problem is in the case of enlargement. When
the voxel model is zoomed in, the boundary of an object be-
comes more rough and jaggy. The second one is concerned
with feedback force generation. In calculating the feedback
force, the collision with an instrument and the voxel model
must be checked. However, the collision check with every
voxel requires a huge amount of calculation. Even if the col-
lision is detected, the smooth and continuous reaction force
cannot be obtained because the boundary of voxels is dis-
crete. The third is the classification of voxels into each or-
gan. Since a head model is not composed of individual or-
gans but a set of voxels, it is very difficult to classify the
voxels to each organ. To overcome these problems, a new al-
gorithm that approximates the voxel values using the Octree
is developed.

3.1. Management of Voxel Model by the Octree

An Octree is a hierarchical data structure that can manage
3D spatial data efficiently. Our system employs the Octree to
manage the entire volume and to perform the spatial search
of the nearest voxel from PHANToM cursor position. Gen-
erally, an Octree is constructed by dividing the space into
eight sub-spaces until the sub-space becomes homogenous.
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In our system, an Octree subdivision stops when the voxel
values in the sub-space are approximated by a VIF within a
proper tolerance. The details of implicit representation are
mentioned in the next sub-section.

The procedure of constructing an Octree and VIFs is
shown in Figure 2. Firstly, the entire voxel data are approxi-
mated by a tri-cubic parametric function. The root node of an
Octree corresponds to the entire volume space. If the square
errorε exceeds thresholdε0, the region is divided into eight
sub-regions, and then the voxels in each sub-region are ap-
proximated. Otherwise, parameters of an approximated im-
plicit function are assigned to the corresponding leaf node.
The voxel data can be managed by an Octree in which each
leaf has a tri-cubic parametric function representing a part of
the voxel data. Namely, an Octree manages the voxel model
in a hierarchical manner as a collection of tri-cubic func-
tions.
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Figure 2: An Octree and implicit solid modeling

3.2. Volumetric Implicit Function

Voxel data are given at discrete locations and with discrete
values. Approximating the voxel values by VIFs, we solve
the problem as mentioned. The boundary surfaces, which are
necessary for calculating the smooth and continuous reac-
tion force, can be obtained by constructing a smooth surface
locally using VIF. When the voxel data are zoomed in, the
sub-voxels are generated by re-sampling VIF and rendered
by VP1000. A detailed volume image with smooth bound-
aries can be displayed. The voxels can be classified by find-
ing level surfaces using VIF. In the followings, the formal
representation of implicit solid model by VIF is described.

3.2.1. Definition of Volumetric Implicit Function

Each voxel has density valued. Let the location of a voxel be
(x,y,z),x,y,z= 0...N-1. Voxel data are given at discrete loca-
tions and are expressed as Eq.(1). In our system, voxel value
d(x,y,z) is positive if the voxel is inside the object, while
voxel values outside the object are assigned negative val-
ues depending on the distance from the object to the voxels.

VIF, which approximates voxel data, is a tri-cubic paramet-
ric function expressed as Eq.(2); a three dimensional smooth
and continuous solid can be calculated by Eq.(2).

f (x,y,z) = dxyz, x,y,z= 0...N−1 (1)

f̂ (x,y,z) =
3

∑
i=0

3

∑
j=0

3

∑
k=0

ai, j,kxiy j zk (2)

f̂ (x,y,z) is determined so as to minimize the following least
square error between̂f (x,y,z) and f (x,y,z).

ε =
N−1

∑
i=0

N−1

∑
j=0

N−1

∑
k=0

∣∣ f̂ (xi ,y j ,zk)− f (xi ,y j ,zk)
∣∣2 (3)

3.2.2. Octree Construction with VIF

In constructing the Octree, firstly, the whole voxel data is
approximated such that Eq.(3) becomes minimal. Ifε is
greater than thresholdε0, the region is divided into eight
sub-regions. Then, the sub-regions are approximated. Ifε is
less than or equal toε0, the sub-division process terminates,
and the parameter vectorai, j,k(i, j,k=0,...,3) in Eq.(2) are set
to the corresponding leaf node. Until an Octree representing
the collection of regions becomes to approximate the entire
volume data precisely, the rest sub-regions in the Octree are
sub-divided and approximated.

4. Surface Construction Using VIF

4.1. Interactive Surface Construction for Tactile
Sensation

When a surgical instrument intersects with a head model,
our system generates a feedback force as a tactile sensa-
tion by PHANToM. To obtain the smooth tactile sensation,
the smooth boundary surfaces must be prepared for PHAN-
ToM. A local smooth surface around the contact point is cre-
ated interactively and used to calculate a feedback force. A
simplified Marching Cubes method is applied to find pre-
cise boundary points, wherêf (x,y,z) = 0, on a voxel model.
Then, mapping the boundary points toS-T coordinate, a
smooth surface is calculated. The procedure of this method
is as follows.

Let P and~v be a point where PHANToM collides on the
volume model, and a normalized vector from the center of
the volume model toP, respectively. As the head model is a
spherical shape, we assume that the direction of normal vec-
tor at pointP is almost equal to the normal of the sphere. We
represent a boundary surface aroundPas a bi-cubic paramet-
ric surface. The bi-cubic parametric surface is determined by
boundary points on the head model and represented by pa-
rameterss andt.

Firstly, the directions of vector~v are classified into 26 di-
rections,~vi (i=0...25).~vi is a vector from the center of volume
to a surface point on a unit sphere. The classified surfaces on
the unit sphere are shown in Figure 3(a).S-T coordinate is
determined by~vi as illustrated in Figure 3(b).~vi corresponds
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Figure 3: S-T coordinate

to one of the surrounding 26 points in Figure 3(b).~v and~vi
can be expressed by rotation anglesθ aboutZ axis andϕ
aboutY axis. Vector~vi is expressed as Eq.(4).

~vi = (cosθi cosϕi ,sinθi ,cosθi sinϕi) (4)(
θi = nπ

4 ,ϕi = mπ
4

(−2≤ n≤ 2,−4≤m≤ 3)

)

If ~v is classified into~v0=(1,0,0), S and T axes are to-
ward−Z andY axes, respectively. Then, boundary points
are sought on section planes,T = 0,±1, ...,±k, that are par-
allel to S axis and perpendicular toT axis. S-T coordinate
in each direction vector~vi can be defined according to the
rotation angles,θi andϕi .

We do not seek boundary points in 3D space but 2D plane
because of the processing speed. The boundary points are
extracted by the following simplified Marching Cubes algo-
rithm that works in 2D plane.

Simplified Marching Cubes Algorithm As shown in

Figure 4: Patterns of boundary candidate points
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Figure 5: Position of boundary point

Figure 4, the boundary candidate points can be classified
into five patterns with 4-neighbor points except the rotation.
Symbols “+” and “–“ in Figure 4 stand for the signs of voxel
values. Boundary points denoted by tiny circles that satisfy-
ing equationf̂ (x,y,z) = 0 are extracted. Namely, between a
voxel with positive value and a voxel with negative value,
the boundary pointP0 satisfying Eq.(5) is computed as illus-
trated in Figure 5.

P0 =
P−V+−P+V−

V+−V−
(5)

whereP+ and P− are positions of voxels with a positive
value and a negative value, andV+ andV− are positive and
negative values, respectively.

The boundaries are determined by starting from the con-
tact point and following the candidate points clockwise and
counter clockwise in a plane parallel to S axis. Candidate
points matching to the patterns in Figure 4 are searched by
the same algorithm of 8-neighbor border following [RK82].
Figure 6 illustrates a tracking example starting fromV1.
Small circles are boundary points determined on a plane.
When the boundary following for a plane is finished, the
same algorithm is applied to the next plane. Figure 7 shows
the process of local surface construction. The left figure
shows planes on which boundary points are followed. When
the enough number of boundary points along parameters
and t for determining a local surface aroundP is found, a
bi-cubic parametric surface is defined by these points.

The boundary points are represented asQ
(
si , t j

)
=

(xi j ,yi j ,zi j ) (i=−n...n, j=−m...m). In our experiment,n and
m are equal to 2.

+

+

+

+

+

+

+

+

++

+ +

+

++

+

++

+

+

+

+

V2

V1

V3

Figure 6: Example of boundary following

Figure 7: Construction of local boundary surface
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Figure 8: Constructed local surface

Bi-cubic parametric surface expressed as Eq.(6) is com-
puted so that the square errorρ in Eq.(7) becomes minimal.

Q̂(s, t) = (
3

∑
k=0

3

∑
j=0

ak, j s
kt j ,

3

∑
k=0

3

∑
j=0

bk, js
kt j ,

3

∑
k=0

3

∑
j=0

ck, js
kt j ) (6)

ρ =
n

∑
i=−n

m

∑
j=−m

|Q̂(si , t j )−Q(si , t j ) |2 (7)

The normal vector at the collision point on bi-cubic para-
metric smooth surface can be computed by Eq.(8). The nor-
mal vector is used to generate the feedback force.

normal=
∂Q̂
∂s × ∂Q̂

∂t∣∣∣ ∂Q̂
∂s × ∂Q̂

∂t

∣∣∣
(8)

Figure 8 shows an extracted boundary and a constructed
local surface. Left figure represent zero crossing points and
right figure is an enlarged smooth surface constructed inter-
actively and and Octree subdivision.

4.2. Surface Rendering and Segmentation

Polygon model is useful for understanding a shape of an ob-
ject. The rendering speed of polygonal objects is much faster
than the volume rendering of voxel model, as well. Our sys-
tem provides a segmentation of organs and polygon surface
construction. The shapes of organs or the boundary polygons
can be obtained by applying the Marching Cubes algorithm
to VIF. The Marching Cubes method detects the level zero
points on the continuous function (Eq.(2)) efficiently. That
is, the zero points constructing the boundary surfaces are ex-
tracted, and the polygon surfaces are rendered interactively.
Moreover, the internal structure of the head model is seg-
mented into each organ by considering the inside of level
surfaces of the implicit representation to be the same tissue.

Marching Cubes [LC87] generates polygon facets from
a set of points existing in 3D space. Marching Cubes uses
the logical cube created from eight neighbor points which

VbVa

)(:)(: bvavBA

Figure 9: Polygon surface creation

are middle of voxels. Determining how the surface inter-
sects in the space of a small cube, surfaces are composed
as many polygons. Let values of voxels Va and Vb in VIF
bev(a) andv(b), respectively (Figure 9). Suppose thatVa is
an internal point andVb is an external point of the surface.
The interpolation point which is the vertex of the polygon
exists where the edgeVa-Vb is divided into|v(a)| : |v(b)|.
If we want to create the polygon at levelθ, the vertex of
the polygon exists where the edge is divided by the ratio of
|v(a)−θ| : |θ−v(b)|. Deciding the interpolation points, the
boundary surfaces or the shapes of organs are visualized ex-
actly even if the image is enlarged.

When a user wants to visualize the shape of only an organ,
the boundary surfaces of the organ are rendered as surface
model constructed by Marching Cubes method (see FIgure
11). On the other hand, when a user wants to visualize an
inside of an extracted organ, the inside portion segmented
with the level surfaces is transferred to VP1000, and visual-
ized by volume rendering. That is, the volume visualization
of only an organ can be realized.

5. Experimental Result and Discussion

The head model (voxel data) used in this experiment is cre-
ated from CT slices of human head. Figure 10 (a) shows the
created head model. Rotating the head model, inside struc-
tures of a head are visualized in detail interactively. Each
organ (bone, skin, etc.) is classified by applying Marching
Cubes algorithm to VIF. Figure 10 (b) and (c) show the result
of an incision. When an instrument collides with the head
model, 4x4x4 voxels underlying the instrument are made
transparent in this experiment. Then, in order to update the
scene, the voxel data in an Octree’s node in which cutting
portion is included are transferred to VP1000. At the same
time, the reaction force is provided by PHANToM. As the
head model is managed by the Octree, the hardness and the
friction force are changed depending on the organ.

Figure 11 (a) and (b) are created polygon surfaces based
on the original voxel values and the approximated voxel val-
ues, respectively. As for the resultant image (a), the coarse-
ness is conspicuous. On the other hand, the resultant image
(b) can represent the more precise surface. Hence, a high-
quality smooth surface is extracted by approximating the
whole voxels with continuous functions.
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Figure 10: Head model and incision operation
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Figure 11: Polygon surfaces

It takes about 5 minutes to approximate the whole voxels
in size of 512 cubic. This time includes file reading and Oc-
tree construction. The construction of an Octree is performed
before starting the simulation. Therefore, the construction
time does not matter for the interactive simulation. In the
interactive operation, it takes about 10 milliseconds to con-
struct the local surface and the normal vector. The frame rate
in the surgical simulation with force feedback is 7 frames per
second. This frame rate is not sufficient for the interactive
environment because it is well known that at least 10 frames
per second are needed for the interactive simulation. In or-
der to obtain more interactive frame rate, we will improve
the rendering algorithm.

6. Conclusion

In this study, we introduced the method of approximating
voxels with continuous tri-cubic functions, called volumet-
ric implicit function (VIF). Representing voxel data by VIF,
the smooth and continuous reaction force, the visualization
of smooth boundaries after the expansion, and the classifica-
tion of voxels into each organ were realized.

The boundary points were extracted using the simpli-
fied Marching Cubes method. Then, by approximating these
points with a bi-cubic parametric surface, smooth and con-
tinuous surfaces and normal vectors, which are necessary for
calculating a feedback force, were generated interactively.
As a result, the smooth and continuous reaction force was
obtained.

Applying the Marching Cubes algorithm to VIF, zero
crossing points were extracted efficiently and boundary
polygon surfaces were constructed. At the same time, the in-
side of a head was segmented into organs although the seg-
mentation of the internal structure of a head is difficult in
voxel expression.
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